Spontaneous chiral symmetry breaking solutions for the Schwinger-Dyson equation in massless QED are investigated in the covariant a-gauge. With a proper renormalizati6n of the mass function 1:, critical solutions 1:e are obtained along the whole criticality on the A-a plane (A=3e 2 /471-). For positive a, 1:e(x) is a momentum independent constant function. The renormalization flow and fixed point structure on the A-a plane is clarified. The Landau gauge critical point (A=l, a=O) shows up as an ultraviolet fixed point with two relevant operators. § 1. Introduction Much attention has been paid to possible existence of a nontrivial ultraviolet fixed point and a strong coupling phase in gauge theories, especially in U(l) gauge theory (QED). Existence of a critical coupling constant above which a new strong phase appears may resolve a long-standing question of the local limit of QED, often referred to as the Landau ghost. I ) Also the possible new phase motivates a revival of technicolor theories/H) and related new type of models.
Much attention has been paid to possible existence of a nontrivial ultraviolet fixed point and a strong coupling phase in gauge theories, especially in U(l) gauge theory (QED). Existence of a critical coupling constant above which a new strong phase appears may resolve a long-standing question of the local limit of QED, often referred to as the Landau ghost. I ) Also the possible new phase motivates a revival of technicolor theories/H) and related new type of models.
This interesting possibility has been discussed by using the Schwinger-Dyson (SD) equation for the electron self-energy. For the SD equation in massless QED, Maskawa and N akajima 6 ),first proved existence of the chiral symmetry breaking solution with a finite critical 'coupling constant. Fukuda and Kug0 7 ) analyzed the system to get the . criticality (A = 1) and the renormalization behavior of the coupling constant. Then Miransky et a1. 8 ), 9) proposed that beyond the criticality a strong coupling phase is expected, and they analyzed the strong phase in many aspects. (These are results with the planar approximation in the Landau gauge.) Recently, lattice Monte Carlo simulationsIO),U) added \evidence of the phase transition.
Here we briefly deshibe the essential points of the problem according to a general framework of phase structure and renormalization in the field theory:1),I2)-I4) The spontaneously generated mass characterizes the new phase. We have to introduce a dimensional cutoff parameter (A) when we carefully investigate a multi-phase field theory. The mass given by an SD solution must be proportional to A, m=A/(A) , (1) simply because there is no other dimensional parameter in the system. If the phase transition is' of second order, which is true in our case of the SD equation, the coefficient function f(A) is continuous and vanishes at a critical coupling constant Ae; f(Ae) = O. A second order phase criticality may give a sensible continuum limit (a renormalized field theory), that is, A ~ 00 with Ao ~ Ae, maintaining a finite mass.
Renormalization procedure (defining procedure of a renormalized field theory) is described by a renormalization flow in the space of possible interactions. We define a theory with a cutoff A by an effective Lagrangian .£ A, which is parametrized by a set of effective coupling constants {Ai(A)}. Then a flow is defined by a condition that .£ A on a flow gives the same infrared physics (low energy observables). Changing A, we get a flow line {A;(A)} parametrized by A. (When we work with an n parameter sub-space, we need n observables to determine a flow.) Fixed point structure is determined from the total structure of flows. These fixed points play an ultraviolet fixed point or an infrared fixed point of a renormalized field theory, since (only) at the fixed point, we may take the infinite cutoff limit of the system. Property of fixed points determines the basic ingredients of the corresponding field theory.
In the above example, low momentum behavior of SD solutions is understood as infrared physics (obtained non-perturbatively from .£AA(A»). The critical coupling constant Ae is an ultraviolet fixed point of flows, because we may take a flow A(A) ~ Ae (when A ~oo) with a fixed infrared observable 27(0).
In this article we investigate the SD equation in the covariant a-gauge. There are previous works on the subject/ 5H8 ) although they present only partial aspects of the system. We rather consider the system on a two-parameter space of effective Lagrangians .£ ,t(A(A), a(A». We will clarify the whole structure of phase criticality and obtain critical solutions along it. Then we investigate renormalization flows and find that the Landau gauge point is an ultraviolet fixed point with two relevant operators on the two-dimensional A-a plane. Although the gauge parameter a should be completely irrelevant to physical observables, the renormalization structure of a is worth investigating by the following reasons. First, it gives an interesting example in which using the SD equation analysis, we perform a non-perturbative renormalization procedure and get a non-trivial fixed point structure of flows.
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Second, the Landau gauge has been known as a special gauge and many efforts have been devoted to the studies on a-dependence of the system. Our analysis gives for the first time a clear-cut understanding of the Landau gauge peculiarity of the system. § 2. Basic equations We start with the standard Schwinger-Dyson equation for the electron propagator SF in massless QED:
where as mentioned above we have introduced a cutoff A. In the planar approximation, we take the undressed photon propagator and photon vertex:
where we adopt the covariant a-gauge. 
A(y)dy
where x and yare momenta squared, and we have defined the following parameters:
The above set of integral equations is equivalent to the following set of differential equations,
with proper infrared and ultraviolet boundary conditions:
Note that the infrared boundary conditions come from a physical requirement that the invariant functions are regular at the origin. We adopt a logarithmic variable t defined by t=lnx, and the equations take the following forms (F=dF/dt):
with the corresponding boundary conditions,
A(t)lt=-oo=O, B(t)lt=-oo=o,
r . .
A(t)+ZA(t)lt=lnA2=1, B(t)+ B(t)lt=lnA2=0.
(10)
We look for solutions which break the chiral symtnetry spontaneously (B(t)=t=O solutions). Now our system is a coupled second order differential equations for A(t) and B(t) parametrized by A, a and A, or equivalently by ra, rb and A. In general, there are many solutions for a set of values of A, a and A. Among them the nodeless solution gives a vacuum solution with the lowest free energy, which hereafter we call the solution for a set of
parameters and denote it by A(t; A, a, A), B(t; A, a, A).
In the Landau gauge (a=O), there is a critical coupling constant (Ac=l) above which the spontaneous breakdown solutions exist. 6 ), 7) We may expect that also for an arbitrary a, there is a critical coupling constant Ac(a) above which the chiral symmetry is spontaneously broken. This Ac(a) defines the critical line on twodimensional A-a space. Previous works 15)-17) on Ac(a) give common conclusions: For a>O, Ac(a) increases, while for a<O, Ac(a)=O up to a= -3. Below a= -3, there is no chiral breaking solution at all. We will confirm these results later, and will clarify more complete structure of the solutions. § 3. Behavior of solutions and renormalization
The following properties of solutions are clear from definitions and equations. i) Both A(t) and B(t) are to be non-negative functions in the whole region -00 s: t s: InA z: A( t) is the coefficient function of the fermion kinetic term and it must be positive. As for B(t), the lowest energy solution corresponds to a nodeless solution.
ii) A(t) is a monotonically increasing (decreasing) function for ra<O (ra>O). B(t)
is increasing (decreasing) function for rb<O (rb>O): Note that both integrands in Eq. (4) are the products of positive definite functions and F(x, y), where the latter behaves like Fig. 1 
. Thus larger x contributes less to the integrals. iii) B(t)=O for rbS:O. This indicates that for rbS:O (as: -3)" there is no chiral symmetry breaking solution. iv) A(t) is greater (less) than 1 for ra>O (ra<O).
When ra>O, A( -00) must diverge in the infinite A limit, which will be seen later. A solution of SD equation is the dressed propagator. The wave function renormalization of the fermion should be taken into account. Field rescaling is a change of dynamical variables and is always allowed, since it does not change any physical quantities. Hence, a physical theory must be treated through ail equivalence class (defined by field rescaling) in the parameter space of the possible interactions. Furthermore, only with a proper rescaling of fields, the renormalization flows can have fixed points.
We define the rescaling of electron field as usual with a constant Zz: AR(t) =ZzA(t), BR(t)=ZzB(t), and adopt a 
Then we write a renormalized SD equation as follows:
with renormalized boundary conditions:
The renormalized mass function BR(t) determines physics. For convenience of calculation, we define yet another renormalized mass, (17) This is a more natural object in the framework of the effective field theory. Hereafter we take 1:(t) as a physical order parameter.
_ B(t) 1:(t)-A(t) .
The phase criticality is not affected by this choice of order parameters. The criticality given by exact zeros of mass function B also gives the criticality for BR = B/A( -(0) or 1:. However the critical exponent may change among different order parameters. In our case, the factor A( -(0) is a dimensionless variable. In case ra >0 (a>O), for example, A( -(0) does not develop an anomalous exponent, since it is bounded above by InA/
5
) and the critical exponent is common for the above order parameters.
N on oyama and Tanabashi derived some exact inequalities.
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Of those, we are interested in the following two inequalities:
A ( -00 ) > ~ (1+ j 1 + 24 raIn 1:1: ) for r a > 0 , (a> 0)
where 1:max is the upper bound of 1:. As for a negative ra, the first inequality shows that the critical gauge coupling constant vanishes, I!c(a)=O. We stress that this inequality rather indicates that ra=O is the criticality, for which there are two solutions: I!=O and a=O. This means that the criticality is continuous; starting from the Landau gauge point (1!=1, a=O) , it goes along a=O line up to the origin (l!=a=O), then goes down to I!=O, a= -3 point, and finally goes along the line a= -3. (See Fig. 2. ) This brings about a question how the critical solutions behave for various limiting paths toward a point on the criticality, and a question whether the solutions are continuous along the critical line.
As for a positive ra region, the second inequality (19) answers the above questions. It tells us that A( -(0)( = Z2 -1) diverges near criticality where 1:( -(0) ~ 0, or equivalently A ~ 00. Vanishing Z2 simplifies the renormalized SD equations (l4), provided that ra and rb are finite at the criticality. In fact, with a fixed positive a, the critical coupling constant Ac(a) is finite (this is verified by our numerical calculations and by others). Then in the infrared region, the renormalized amplitudes satisfy (20) whose solutions with the infrared renormalized boundary conditions are constant (I-independent) solutions. This gives a very unphysical renormalized propagator, which is almost equivalent to the undressed propagator with a bare mass (an explicit chiral symmetry breaking).
AR(t)+3AR(t)=0,
On the other hand, when ra < 0, A( -(0) decreases and vanishes when approaching the criticality, and Z2 diverges there. In this case, we do not get any simplified form of renormalized SD equation, since ra vanishes at the criticality. Furthermore, rb also vanishes near criticality along the flow line. The products Z22ra , Zlrb take non"trivial values and give non-trivial critical solutions, which will be seen by numerical calculation. § 4. Numerical calculation
Here we show the results obtained by numerical calculations. Our target is a coupled second order differential equation (10) with both the infrared and ultraviolet boundary conditions. Practically the solutions A(t; ra, rb, A), B(t; ra, rb, A) are obtained according to the following procedure: 1) Take trial values raO and rbO. 2) Start solving the differential equation from an infrared point, ti ~ -12. We take the infrared boundary conditions:
3) We adjust parameter rbO so that at the cutoff point (tu=lnA2) the ultraviolet boundary condition (12) for B(tu) may be satisfied. We write the adjusted parameter as rbl. Of course the corresponding solution Ao and Bo must be positive definite in the whole range of t.
4) Now we know the value Y'defined by 5) Finally, we get the solutions,

A(t, y-2 rao , y-2 rb1 , A)= y-1Ao(t) , B(t, y-2 rao , y-2 rbl, A)= y-IBo(t).
The above rescaled functions actually satisfy the proper ultraviolet boundary conditions (12) . Note that solutions thus obtained give a fixed infrared observable,
Thus we can approach the criticality by increasing A. In order to express statements more definitely, we introduce a dimensionless order parameter M: (25) Then, Eq. (23) states the following: The point, {y-2 rao, y-2rb1}, in the parameter space gives a solution with M =In(1/A2). The global feature of the phase structure is shown in Fig. 2 , where the shaded region has no spontaneously symmetry breaking solutions. The critical surface is indicated by the thick line. For a very large a, the criticality goes back to a lower A and finally reaches to zero. Contrary to a smooth curve for a> 0 case, the criticality for negative a suddenly drops down to zero gauge coupling constant.
However, equal correlation length lines (contours for M) have no singularities. We see a detailed picture for these contours in Fig. 3 and find that all contours end up with a finite A on a= -3 line. Our numerical calculation is done up to M = -60.
We have a critical solution Ie at each point on the critical line. We already proved that for a>O, Ie(t)=const. Actually Fig. 4(a) confirms it: The constant region of the function I(t) becomes wider as it approaches the criticality (A -+eX)). On the other hand, in case of negative a, convergence to the critical solutions is relatively fast, and furthermore the critical solution depends on a. It becomes more shrunk 8(x)-like solution when lal gets large (Figs.4(b)~(d) ). Fast convergence means that near critical solutions do not depend on the value of A, but depend only on a. This is seen by comparing two results shown in Figs. 3 and 4 .
In order to understand the behavior of solutions more intuitively, we define an effective coupling constant Aeff(t) as follows. We rewrite Eq. (10) so that it may take a form of the well-known Landau gauge SD equation, but with an effective coupling 
where (27) Note that we have defined an effective Aeff(t) by using the solution. The behavior of Aeff(t) for various a on a contour of M = -40 is shown in Fig 5. For positive a, Aeff(t) tends to vanish when a increases, except for near the ultraviolet boundary where it blows up so that the UV boundary conditions are satisfied. For negative a, Aeff(t) behaves like an infrared diverging coupling, and the region of strong coupling becomes narrower when I al increases. Such infrared enhancement is similar to the case of asymptotically free gauge theories where the infrared slavery is essential to bring about the spontaneous breakdown of chiral symmetry. N ow we set an additional renormalization condition so that we may draw renormalization flows on the phase diagram. We have used the infrared quantity 1:( -00) to get basic contours of infrared physics. We will see that with almost any natural quantity defined from 1:(t), which is denoted by F, we get essentially the same structure of flows, and therefore the same struture of fixed points.
A second quantity F must depend on 1:(t) with t away from -00, since it must be a variable independent of 1:( -00). In case of positive a, we have proved that any F value, the flow must go towards a larger a (see Fig. 4 ). That is, the constantness of };(t) is to be maintained by increasing a when decreasing A. Remarkable is that the flows always give rise to an ultraviolet fixed point at a point, a=O, A=l, since this point is a solution is the well-known Landau gauge non-trivial solution. Thus the Landau gauge point supports possible full range of spectrum of F. On the other hand, for negative a, the solutions are almost independent of A. This assures that flows are almost parallel to A axis near criticality.
The above flow structure with the existence of the UV fixed point at the Landau gauge point does not depend on a specific definition of F. We take, as an example, an integral which usually defines the decay constant F",
where x is momentum squared. In Fig. 6(a) , we draw the corresponding flows on A-a plane with renormalization conditions of fixed };( -oo)/A and F/A2. Parameter set of ra and rb better describes the structure of flows and fixed point (Fig. 6(b) ). There seems to exist two ultraviolet fixed points: the origin and the Landau gauge point. However, we rather understand that these two points are split halves of one usual ultraviolet fixed point with two infrared unstable directions. The reason is the following: Each flow line corresponds to a physical theory with some renormalized value of F=F/J;2( -co). The 'direction' of flows going out of the fixed point determines the value. The Landau gauge point supports some range of F, while the origin supports the rest of the spectrum. Actually for our definition of F, the Landau gauge point supports flows with co> F > 1.84, while the origin supports
1.84>F>0.
We have seen that the Landau gauge point is an ultraviolet fixed point on A-a plane. As is shown below, however, this contradicts a general conclusion naively derived from basic W ard-Takahashi identities in QED. 23 ), 24) The bare photon twopoint function (the inverse propagator) is expressed as which always defines a valid scheme. Equation (34) shows the flow structure on A-a plane, and it concludes that in a strong coupling phase (if any), the Landau gauge point is an infrared fixed point, i.e., an ultraviolet repeller. The above contradiction between our results and the general gauge invariance argument might come out of a simple fact that the planar approx-K-J. Aoki, M. Bando, T. Kugo, K. Hasebe and H. Nakatani imation does not respect the gauge invariance of the system, or a more drastic fact that our naive notions like renormalization of the photon field or the photon coupling constant no longer hold in the strong phase. In fact, if we accept the WardTakahashi identity (35), we have to introduce n.egative norm states to get Z3 > 1 which is necessary for the strong phase.
l )
In conclusion, we investigated the planar Schwinger-Dyson equation in massless QED with the covariant a-gauge. Using spontaneously chiral symmetry breaking solutions, we get renormalization flows on the two-dimensional A-a plane. We found that the Landau gauge critical point appears as (a part of) an ultraviolet fixed point.
